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Chapter 10

Inferences for Two
Population Means
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Section 10.1

The Sampling Distribution of
the Difference between Two
Sample Means for
Independent Samples
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Figure 10.1

Process for comparing two population means, using independent samples

POPULATION 1 POPULATION 2
(Faculty in private institutions) (Faculty in public institutions)

l l

Sample 1 Sample 2
Compute X Compute x,

Compare x4 and x,
Make decision

Copyright © 2012, 2008, 2005 Pearson Education, Inc. SI | d e 104



Section 10.2

Inferences for Two Population
Means, Using Independent
Samples: Standard Deviations
Assumed Equal
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Procedure 10.1

Pooled t-Test
Purpose To perform a hypothesis test to compare two population means, (41 and w2

Assumptions

1. Simple random samples

2. Independent samples

3. Normal populations or large samples
4. Equal population standard deviations

Step 1 The null hypothesis is Hy: pt1 = pt2, and the alternative hypothesis is

Hypr#Fpa o Haipn<pa o Hatpn > o
(Two tailed) (Left tailed) (Right tailed)

Step 2 Decide on the significance level, o.
Step 3 Compute the value of the test statistic
% — %o

" 5 /A/nD) + A/m)

t

where

L [ Dsi + (n2 — 1)s;
P ny+ny—2 |

Denote the value of the test statistic #.
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Procedure 10.1 (cont.)

CRITICAL-VALUE APPROACH . P-VALUE APPROACH
Step 4 The critical value(s) are Step 4 The ¢-statistic has df = n; + ny; — 2. Use
. _¢ ¢ Table IV to estimate the P-value, or obtain it exactly
o/2 * ® by using technology.

(Two tailed) °* (Left tailed) °* (Right tailed)

. . P-value

with df = n; + np — 2. Use Table IV to find the criti-

cal value(s). ,,_\,32(\ /\szue
Reject ; Donot 'Reject RejectiDonotrejectHy Do not reject HylReject 1 t 1 t 1 +

Ho IrejectHo: Ho Ho : | Ho “Ito] O |[to] to 0 0 fo

: : I I Two tailed Left tailed Right tailed

| |

! ' | I

e | 5 CIE 3 Step 5 If P <, reject Hy; otherwise, do not
1 1 1 3

%z 0 ftm | . O i 0 & ! reject Hy.

Two tailed Left tailed Right tailed

Step 5 If the value of the test statistic falls in
the rejection region, reject Hj; otherwise, do not
reject Hy.

Step 6 Interpret the results of the hypothesis test.

Note: The hypothesis test is exact for normal populations and is approximately
correct for large samples from nonnormal populations.
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Procedure 10.2

Pooled t-Interval Procedure

Purpose To find a confidence interval for the difference between two population
means, @1 and o

Assumptions

1. Simple random samples

2. Independent samples

3. Normal populations or large samples
4. Equal population standard deviations

Step 1 For a confidence level of 1 —«, use Table IV to find #,/, with
df =ny+ny — 2.

Step 2 The endpoints of the confidence interval for x; — u, are

(X1 — %2) £ tos2 - spy/ (1/n1) + (1/n2).

Step 3 Interpret the confidence interval.

Note: The confidence interval is exact for normal populations and is approximately
correct for large samples from nonnormal populations.
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Section 10.3

Inferences for Two Population
Means, Using Independent
Samples: Standard Deviations
Not Assumed Equal
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Procedure 10.3

Nonpooled t-Test
Purpose To perform a hypothesis test to compare two population means, @1 and (2

Assumptions

1. Simple random samples

2. Independent samples

3. Normal populations or large samples

Step 1 The null hypothesis is Hy: 11 = g2, and the alternative hypothesis is

Hypa #Fp2 o Hipn<pz 0 Hat g > 2
(Two tailed) (Left tailed) (Right tailed)

Step 2 Decide on the significance level, .

Step 3 Compute the value of the test statistic

_ X1 — X2
,/(Sf/nl) + (s3/n2)

Denote the value of the test statistic #.

t
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Procedure 10.3 (cont.)

CRITICAL-VALUE APPROACH OR P-VALUE APPROACH
Step 4 The critical value(s) are Step 4 The ¢-statistic has df = A, where
2
oy 0 la fa [(s3/m1) + (s3/m2)]
(Two tailed) (Left tailed) (Right tailed) A= 2 P 5 3
, (si/m1)”  (s3/m2)
with df = A, where np—1 + 1y —1
2 2 2
A= [(s1/m1) + (53/m2)] rounded down to the nearest integer. Use Table IV
(S12 / n1)2 (s% / nz)z to estimate the P-value, or obtain it exactly by using
+ technology.
np—1 ny—1
rounded down to the nearest integer. Use Table IV to e
find the critical value(s). b 5‘“?/\ M .
ReI_J;'ECti rggcr;c:;c iRe,_j,ECt Rijfect:Donot rejectH, Donot rejectHo:RijfeCt ™ (') o o 6 t 6 = t
0 0 0 0 0
i i l | Vs il Left tailed Right tailed
| |
| |
al)z/\&aﬁ! 5/\ /\‘i Step 5 If P <a, reject Hp; otherwise, do not
~tup 6 tap t —ty (IJ ¢ 6 t, t l'eject H,.
Two tailed Left tailed Right tailed
Step 5 If the value of the test statistic falls in
the rejection region, reject Hy; otherwise, do not
reject Hy.

Step 6 Interpret the results of the hypothesis test.
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Procedure 10.4

Nonpooled t-Interval Procedure

Purpose To find a confidence interval for the difference between two population
means, 11 and o

Assumptions

1. Simple random samples

2. Independent samples

3. Normal populations or large samples

Step 1 For a confidence level of 1 — «, use Table IV to find #,/; with

df = A, where
_ [@}m) + (Fm)]’

(s3/m)”"  (s3/m2)”
+
np—1 n,—1

A

rounded down to the nearest integer.

Step 2 The endpoints of the confidence interval for g; — u, are
(F1 = F2) & fop2 -/ (3/n1) + (s2/m2).
Step 3 Interpret the confidence interval.
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Section 10.4
The Mann-Whitney Test
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Figure 10.9

Appropriate procedure for comparing two population means
based on independent simple random samples

il ™ /\A

(a) Normal populations, same shape. (b) Normal populations, different shapes.
Use pooled t-test. Use nonpooled t-test.
(c) Nonnormal populations, same shape. (d) Not both normal populations, different shapes.
Use Mann-Whitney test. Use nonpooled t-test for large samples;

otherwise, consult a statistician.
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Table 10.9 & 10.10

Times, in minutes, required
to learn how to use the system

Without With _
experience | experience Results of ranking the
139 149 combined data from Table 10.9
118 109 Without Overall With Overall
164 130 experience rank experience rank
151 107 139 9 142 11
118 6 109 5
S 155 164 14 130 7
140 88 151 12 107 4
134 05 182 15 155 13
140 10 88 1
104 134 8 95 2
104 3
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Procedure 10.5

Mann-Whitney Test

Purpose To perform a hypothesis test to compare two population means, w1 and w>

Assumptions

1. Simple random samples
2. Independent samples

3. Same-shape populations

Step 1 The null hypothesis is Hy: i3 = p2, and the alternative hypothesis is

Hypr #p2 0 Hapr<pz 0 Haipa > p2
(Two tailed) (Left tailed) (Right tailed)

Step 2 Decide on the significance level, «.
Step 3 Compute the value of the test statistic
M = sum of the ranks for sample data from Population 1

and denote that value M. To do so, construct a work table of the following
form.

Sample from | Overall | Sample from | Overall
Population 1 rank Population 2 rank
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Procedure 10.5 (cont.)

CRITICAL-VALUE APPROACH OR P-VALUE APPROACH
Step 4 The critical value(s) are Step 4 Obtain the P-value by using technology.
Ml_alz and M(Z/Z or Ml—ﬂ! or Ma P-value
(Two tailed) (Left tailed) (Right tailed)
Use Table VI to find the critical value(s). For a left- P’S’”?(\ /\;&a'”e
tailed or two-tailed test, you will also need the rela- v, M Mo M S, M
tion M]-A = n](nl 4+ ny 4+ 1) - MA- Two tailed Left tailed Right tailed
R?;'id: rgz;ﬁo :Ritzct Re;j’ict:Do not reject Hy Do not reject Ho:Rﬂid Step 5 If P <a, reject HO; otherwise, do not
| I ! ! reject Hy.
| | | |
. M 1 M 1 M
Mi_an2 M.p Mi_, M,
Two tailed Left tailed Right tailed
Step 5 If the value of the test statistic falls in
the rejection region, reject Hy; otherwise, do not
reject Hy.

Step 6 Interpret the results of the hypothesis test.
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Section 10.5

Inferences for Two Population
Means, Using Paired Samples
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Table 10.13

Ages, In years, of a random sample of 10 married couples

Couple | Husband | Wife | Difference, d
1 59 33 6
2 21 22 —1
3 33 36 -3
4 78 74 4
3 70 64 6
6 33 35 -2
7 68 67 1
8 32 28 4
9 54 41 13

10 52 44 8
36
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Procedure 10.6

Paired t-Test
Purpose To perform a hypothesis test to compare two population means, @1 and wy

Assumptions
1. Simple random paired sample
2. Normal differences or large sample

Step 1 The null hypothesis is Hy: x1 = 2, and the alternative hypothesis is

Hypr#p2 0 Hepr<pe o Halpr>po
(Two tailed) (Left tailed) (Right tailed)

Step 2 Decide on the significance level, o.

Step 3 Compute the value of the test statistic

_d
~ sa//n

t

and denote that value ¢,.
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Procedure 10.6 (cont.)

CRITICAL-VALUE APPROACH P-VALUE APPROACH
Step 4 The critical value(s) are Step 4 The ¢-statistic has df = n — 1. Use Table IV
o2 —t, ¢ to estimate the P-value, or obtain it exactly by using
o o

(Two tailed) " (Left tailed) " (Right tailed) technology.

with df = n — 1. Use Table IV to find the critical

P-value
value(s).
P-value P-value
Reject! Donot !Reject Reject|DonotrejectHy Do not reject HylReject

Hy : reject Ho : Ho Ho : : Ho —|to| 0 [tol o to
: : : : Two tailed Left tailed Right tailed
| | | |
R N S X Step5 If P <a«, reject Hy; otherwise, do not
Stz 0 taz “te 0 ‘ 0 ! reject Hy.
Two tailed Left tailed Right tailed

Step 5 If the value of the test statistic falls in
the rejection region, reject Hy; otherwise, do not
reject Hy.

Step 6 Interpret the results of the hypothesis test.

Note: The hypothesis test is exact for normal differences and is approximately
correct for large samples and nonnormal differences.
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Procedure 10.7

Paired t-Interval Procedure

Purpose To find a confidence interval for the difference between two population
means, (1 and uy

Assumptions
1. Simple random paired sample
2. Normal differences or large sample

Step 1 For a confidence level of 1 — «, use Table IV to find ¢/, with
df =n —1.

Step 2 The endpoints of the confidence interval for u1 — u; are
Sd
Jn

Step 3 Interpret the confidence interval.

E:l:ta/z .

Note: The confidence interval is exact for normal differences and is approximately
correct for large samples and nonnormal differences.
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Section 10.6
The Paired Wilcoxon
Signed-Rank Test
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Procedure 10.8

Paired Wilcoxon Signed-Rank Test
Purpose To perform a hypothesis test to compare two population means, w1 and @y

Assumptions
1. Simple random paired sample
2. Symmetric differences

Step 1 The null hypothesis is Hy: ;11 = f12, and the alternative hypothesis is

H,: py # pa Hy: py < pa Hy: py > pa
(Two tailed) °*  (Left tailed) °° (Right tailed)
Step 2 Decide on the significance level, o.
Step 3 Compute the value of the test statistic
W = sum of the positive ranks

and denote that value W,. To do so, first calculate the paired differences of the
sample pairs, next discard all paired differences that equal 0 and reduce the
sample size accordingly, and then construct a work table of the following form.

Paired difference Rank | Signed rank
d |d] | of |d| R
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Procedure 10.8 (cont.)

CRITICAL-VALUE APPROACH OR P-VALUE APPROACH
Step 4 The critical value(s) are Step 4 Obtain the P-value by using technology.
Wi_e/2 and Wy 2 Wi—a Wy

P-value
(Two tailed)  °* (Left tailed) °* (Right tailed)
Use Table V to find the critical value(s). For a left- P'Sm?(\ /\{Zﬂue
L WU W WO 1 W L WO ylvl

tailed or two-tailed test, you will also need the rela-

tion Wi_4 =n(n+1)/2 — Wy4. Two tailed Left tailed Right tailed
R o, [ oS oot e eres Rty [ Step5 If P <a, reject Hy; otherwise, do not
i i | | reject Hy.
| |
' w ' w L w
Wiap War L W,
Two tailed Left tailed Right tailed

Step 5 If the value of the test statistic falls in
the rejection region, reject Hy; otherwise, do not
reject Hy.

Step 6 Interpret the results of the hypothesis test.
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Section 10.7
Which Procedure Should
Be Used?
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Table 10.15

Summary of hypothesis-testing procedures for comparing two population means.

The null hypothesis for all tests is

Normal populations or large samples

Tvpe Assumptions Test statistic Procedure to use
1. Simple random samples - - +
2. Ind dent | = : —

Pooled t-test L s 7nD) £ (/m2) | 10.1 (page 441)
4.

Equal population standard deviations

(df =my +n2 — 2)

1. Simple random samples
Independent samples
. Normal populations or large samples

iy

Nonpooled t-test

Lad

n—1x
[ = | 2

3
1
=

i
J57/n1) + (53 /n3)

10.3 (page 453)

. Simple random samples

Mann-Whitney test | 2. Independent samples
. Same-shape populations

Lad

M = sum of the ranks
for sample data
from Population |

10.5 (page 468)

. Simple random paired sample

Paired r-test :
2. Normal differences or large sample

d

TING
df=n—1)

10.6 (page 481)

1. Simple random paired sample

Paired W-test 2. Symmetric differences

W = sum of positive ranks

10.8 (page 492)

(7 /1) + (55 /n2)1*

{%fﬂ 2y
ny—1

; .'[::] — ]}.vi-' + (@2 — 1]5; +
sp =4/ = Tdf =
'ﬁ' ny+np—2

- ‘]
Hfm}‘
n]—1
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Figure 10.19

Flowchart for choosing the
correct hypothesis-testing
procedure for comparing
two population means

Use the
pooled t-test

Use the
nonpooled t-test

Copyright © 2012, 2008, 2005 Pearson Education, Inc.

YES

Large
samples
Tr

MO

YES MNaormal
P differences
T

Use the Symmetric
paired W-test differences

Use the
Mann-Whitney

test

Requires a
procedure not

covered here

Requires a
procedure not
covered here

YES Use the
] paired t-test
YES
Slide 10-28



Figure 10.20

Normal probability plots of the sample data for (a) elite
runners and (b) others
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Figure 10.21

Boxplots of the sample data for elite runners and others
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